Abstract. The Stroh formalism of anisotropic elasticity leads to a 6 x 6 real matrix N that can be composed from three 3x3 real matrices N; (/ = 1,2,3). The eigenvalues and eigenvectors of N are all complex. New identities are derived that express certain combinations of the eigenvalues and eigenvectors in terms of the real matrices N, and the three real matrices H, S, L introduced by Barnett and Lothe. It is shown that the elements of Nj and N3 have simple expressions in terms of the reduced elastic compliances. We prove that -N3 is positive semidefinite and, with this property, we present a direct proof that L is positive definite.
1. Introduction. In a fixed rectangular coordinate system x,, let the stress 07j and strain etJ of an anisotropic elastic material be related by°i j = Cijks 1 in which repeated indices imply summation and Cljks are elasticity constants having the symmetry property Cijks = Cjiks ~ Cjjsk = Cksij■ (1-2) If uk are the displacement components, the strain-displacement and equilibrium equations are^k s 2 fak.s ^s,k)> 0*3) aUJ = 0, (1.4) where a comma stands for partial differentiation. Consider a two-dimensional deformation in which uk (k -1,2, 3) depends on X\ and x2 only. The general solution has the form [1, 2] uk = akf{z), (1.5) z = xi + px2, (1.6) where p and ak are, respectively, the eigenvalue and eigenvector of the elasticity constants to be determined and / is an arbitrary function of its argument. One then obtains from (1.1) and (1. where a prime denotes differentiation with its argument. Equation (1.4) now leads to, in matrix notation, {Q + />(R + RT) + p2T}a = 0 (1.8) in which the superscript T denotes the transpose and the 3x3 matrices Q, R, T are Qik ~ Ci\k\< Rik = Cnk2, (1.9) Tik = Cj2k2-.
We note that Q and T are symmetric and, subject to the positiveness of strain energy, are positive definite. Equation (1.8) provides the eigenvalues p and the associated eigenvectors a. Introducing a new vector b = (RT + pT)a=-^(Q + pR)a, (1.10) where the second equality comes from (1.8), (1.7) for i = 1 and 2 can be written as Oil = -<t>i,2< Oi2 = <j>i,\, (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) where <j> is the stress function given by
The two equations in (1.10) can be rewritten in the following standard eigenvalue problem N t = pt, (1.13) in which [2, 3, 4] N = € = (1.14)
(1.15)
In view of the symmetry of Q and T, we see that N2 and N3 are symmetric. If we introduce the 6x6 matrix J,
J=[° 11
Li o.
where I is the identity matrix, we have JN = (JN)T = NtJ. (1.17) In this paper, we will present new identities which relate p, a, b, and N, (i = 1,2, 3). We will show that Nt and N3 have simple structures whose elements can be expressed in terms of the elastic compliance which is the inverse of Cijks. With the property that -N3 is positive semidefinite in any reference coordinate which is rotated about the x3-axis, we present a direct proof that the real matrix L introduced by Barnett and Lothe [5] is positive definite. We may therefore take [4, 7] V = J£, (2.4) and normalize the so that the bi-orthogonality relation takes the form where S is real. (In Sees. 4 and 6, S is used for the elastic compliance.) The three real matrices H, L, S, first introduced by Barnett and Lothe [5] , can be shown to have simple structure when referred to a suitably chosen basis [8] , Moreover, H and L are positive definite, if the strain energy is positive [4] , From the relations
and (2.12) to (2.14), we obtain
where M is the impedance matrix [9] M = H~'(I + iS) = (I -iST)H~l, (2.16a)
The second equalities in (2.16) come from the fact that H~'S and SL-1 are antisymmetric [10, 4, 7] , Hence M is a Hermitian matrix. Before we close this section we write the general solution for u and <f> obtained from (1.5) and (1.12) as it can be shown that [4] N(f1} = -Q-'R, N<-1} = -Q-' = (N^_1))T,1
Nj-i) =T-RtQ-'R = (N^_1))t. J From (1.13) we see that for any integer n, positive or negative,
Using the notation of (1.14) and (2.6), we have (3.4) in which P is the diagonal matrix Using (2.12), (2.13), (2.14), and (3.8) on the left-hand side of (3.6) leads to the following identities for any integer n:
Since the 6x6 matrix on the right-hand side of (3.6) is symmetric, the product of the two 6x6 matrices on the left-hand side must also be symmetric. This property leads to, using (3.7) and (2.12) through (2.14), We note that the left-hand sides of the identities in (3.10) and (3.12) involve products of complex quantities for which it is not clear what the real and imaginary parts are. The right-hand sides of the identities provide the answer to the real and imaginary parts. These identities will be useful in obtaining a real form solution to two-dimensional anisotropic elasticity problems. (See [ 12] , for example.) Identities (3.10) for n = 1 have been obtained by Nishioka and Lothe [13] for the real parts and by Bacon et al [14] for the imaginary parts. For n ± 1, the real parts of AP~'At, AP2At, BP_1Bt, and BP2Bt are presented in [13] , and the imaginary part of AP2AT is given in [15] .
4. Positive definiteness of the reduced elastic compliance. In many applications, it is more convenient to write the stresses and strains as 6 x 1 column matrices <r and e by introducing the notation where S denotes (in this section and in Sec. 6 only) the elastic compliance, which is also symmetric. The strain energy W is W = jOijBij = \aTe = {£JC£ = (4. 5) which tells us that C and S must be positive definite for W to be positive. there is, in fact, no need to exclude j = 3 in the summation of (4.7). Likewise, there is no need to exclude i = 3 in (4.7) because it reduces to a trivial identity when i = 3. The matrix S considered as a 6 x 6 matrix has zero elements on the 3rd column and the 3rd row. If we remove the 3rd column and the 3rd row, the reduced 5x5 matrix S is positive definite. To see this, we introduce the 5 x 1 matrices a and e which are obtained, respectively, by deleting from a and e the third element. Equation (4.12) (4.13) because the eigenvalues of these two matrices are identical to the eigenvalues of the corresponding matrices in (4.12), which are positive and nonzero. These two matrices will be useful later on in representing the elements of N3 and N^-1'.
5. Representation of uniform strain solution. When the strains s,j are uniform, the displacements m; are, aside from a rigid body translation, linear in the coordinates Xj. We may write Ut = (Eij + MU)Xj, (5.1) where is an arbitrary antisymmetric constant matrix. This satisfies the straindisplacement equations (1.3). For the two-dimensional deformations considered here, 633 = 0, and the w, do not depend on x3. We therefore choose The following question arises. The first step is to let fa be proportional to its argument. Since u is real, we let The first equation of (5.10) tells us that the real part of h is e\/2. The imaginary part of h can be determined from the second equation of (5.10). With APA-1 given by the identity in (3.12), the result is 2h = e, -/{HT£2 + (HRT + S)£l} = 2A{AtT£2 + (AtRt + BT)£,}, where the second equality is obtained with the use of (2.12) and (2.14). It follows from (5.9) that q = AtT£2 + (AtRt + Bt)£1. (5-13) With q given by (5.12) and using (2.13), (2.14) , and the identities in (3.10), we have <j) -(RT£ 1 + T£2)Xi -(Q£i + R£2)^2-(5.14)
We will show in the next section that this leads to a correct stress-strain law.
THE STROH FORMALISM OF ANISOTROPIC ELASTICITY 117 6. Representation of Ni, N3, N1', and N^1'. In this section we will derive an alternate expression for the 3x3 matrices Ni, N3, and N^_1) defined in (1.15) and (3.2) . With the elastic constants C,^ redefined as a 6 x 6 symmetric matrix Cap, the 3 x 3 matrices of (1. (6.7) (6.8) in which e\ and £2 are defined in (5.4). In view of (6.2), the arbitrary constants co contained in £\ and e2 on the right of (6.8) cancel each other. We see that <j> given by (5.14) satisfies (6.8). By eliminating e2 or between the two equations in (6.8), we obtain -N3£i = tj + N}t2, (6.9a)
We will consider (6.9a) first. The arbitrary constant co in the second element of £ i disappears after multiplication by N3 because the second column of N3 contains only zero elements. If we use (4.7) to express e\ in terms of 07 on the left of (6.9a) and use (6.7) to express ti and t2 in terms of 07 on the right of (6.9a), we can equate the coefficients of 07. Using the properties (6.3) and (6.4), we find that Ni and N3 have the expressions~ £55 0 -51S" 7. A direct proof of positive definiteness of L. The three real matrices H, L, and S of (2.12), (2.13), and (2.14) can be obtained by an integral formalism proposed by Barnett and Lothe [5] in which the necessity of finding the eigenvalues pa and the eigenvectors aa, bQ is circumvented. For L, the integral is L= -f -N3{co)dco, When co = 0, (7.3) reduces to (1.9). We introduce a new coordinate system x*, which is obtained from x, by rotating about the ,x3-axis an angle co. That is, x* = Six, (7.5) cosco sinw 0 & = -sin co cos co 0 ■ (7.6) . 0 0 1.
The elastic constants C*jks referred to the rotated coordinates x* are c*jks = nipn jqakrastcpqrt. (7.7)
Noticing that Qij = rij, Q2j = m j, (7.8) it is readily shown that (see also [16] )
Qik ~ Ci\k\ = QipQkrQpr(&>), Rlk = c*lk 2 = nipnkrRpr(co), (7.9) T*k = C*2k2 = nipnkrTpr(co),. or, in matrix notation, Therefore, where Q((o) = ilTQ*Sl, R (co) = aTR*i2, T(co) = (7.10) N3(ta) = (7.11) Nj = R*T*~'R*t -Q*. (7.12) It should be pointed out that while N3 has the same simple structure as N3 shown in (6.10), the structure of Nj(fe)) does not have such simplicity. Nevertheless, it is clear that -Njj and -N3(ci>) are, like -N3, positive semidefinite.
To prove that L of (7.1) is positive definite, let y be an arbitrary 3 x 1 constant matrix and consider yTLy = -[ -yJNi(co)ydco. (7.13) n Jo By (7.11) the integrand is -yTN3My = y*T(-N3*)y*, (7.14) y* = fty. (7.15) 
